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These notes are taken from talks and lectures in 2018 AG Program at SCMS, covering several
central topics in AG.
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0.1 Topic 1: Cohomological perspective on Moduli space

0.1.1 Prof.Rahul Pandharipande’s Distinguished lectures

Moduli of K3 surfaces and Lehn’s conjecture and further developments
Lecture 1:
Let S — M be a family of surface. eg,
o« M =pt,
« M = moduli space of q-p K3 of fixed degree, S = universal K3.
« M =MygXxXMp,S=CyxXCp
let £ — S be aline bundle, then one can define family of tautological bundles
L[n] —— S|[n] (0.1)
g
M
VZ € S[n], Zx C Sy is a subscheme of length n for any x € M. The fiber of L[n] at Z is just

HO(Z’ -£|Z)

Globally construction of £[n] will use universal subscheme

and L[n] := (p1).(Ouim ® p; L)

Q: what is p.(s(L[n])) € A*(M)
1. For = pt, it is equivalent to study [S'[n] son(L[n]) =2
The known result so far

1. M.Lehn 1999

2. MOP 2015, CVoisin 2017, Mellit.

More generally, ¢ € K(S), one define ¢[n] via virtual computation since each ¢ € K(S) can be
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written as
e = [Eq] + [E2].. + [E;] = [Vi] — .. — [V4]

where E;, V; are vector bundles over S. then one can also ask the same question.

For line bundle £, define the kappa classes
kla, b, c] = p.(c1(Ts m) c2(Tsy m)? LE) € A'(M) (0.2)
Theorem 0.1.1. p.(s(L[n])) is a universal polynomial in x[a, b, c].
Computation for toric surface via localization.
Assume S = C2%. we have natural torus action T = C* x C* on C? via
(s, 1) X (21, 22) = (521, t22)
It lifts to Sn. Then the fixed locus is
M= u I,

oFn

where the ideal I, C C[zy, z3] corresponds to a partition o of n, ie,
I, =

Then the AB localization formula will give

Z(s,t,q,w)
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Lecture 2:
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Lecture 3:
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Appendix: ideas of proofs to the existence of universal polynomial

1. Complex cobordism groups Q°:
Definition 0.1.2.
Proposition 0.1.3. (FMilnor, D.Quillen)

 QC is is a polynomial ring with generators {[P"] : n € Zs}, ie,

Q® = C[[P°], [P"], ...]

o Q€ has natural graded structure by dimension.
Proof. O

Denote [SI"]] € Q the cobordism class of Hilbert scheme of points on smooth projective surface
and set

H(S) = Z[S["]]z" e Q[[z]]

n>0

Then shows
Theorem 0.1.4. H(S) is independent of choice of cobordism class [S] € Q of S.
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A.Okounkov: For L, M € Pic(S), and characteristics f : K7(SI") — Hp(S™), define
< f>i= Z q" / fFLI"Euler(Ts™ @ M"Y € Hi(pt)[[q]]
sinl
n

Theorem 0.1.5. A.Okounkov

<1>= Z q" Euler(TS["] ® M["]) — ﬂ(l _ q")‘fs c(TS®M)
= Slnl

n>0

Define ¥
< f>
< f>'=
f <1>

My comments:

1. Is there deep relation between counting theory of S and S[n] ?

10

10
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0.1.2 Theory of Tautological integral

11

11



(version November 12, 2020) 12

0.1.3 Introductory talk 1: Algebraic stacks

Definition 0.1.6. p : ¥ — C is called category fibered over C (CFG) if

Definition 0.1.7. p : ¥ — C is called category fibered over C if

Definition 0.1.8. C := category of S-scheme. one call a functor M : C — Sets is a moduli
functor if M(T) is a T-family of geometric objects modulo some equivalence (eg, isomorphic).

M is called representable (fine moduli space) if there is a S-scheme M € C st:

Hom(,M) = M

M is said to have coase moduli space if there is a S-scheme M € C and a natural transformation
from Hom(, M) to M and 1 — 1 correspondence

Hom(S, M) — M(S)

usually, a moduli functor from AG is not a representable (as far as I know, the only representable
one is Quot scheme or its variant). The main obstruction is the existence of isotrivial but not
trivial families, ie,

B xXy=X—X (0.3)

|

B ———B

etale

one typical example is functor

M :C — Sets

T > {iso classs of line bundles on T}

Proof. O

Lemma 0.1.9. (Yoneda lemma)
F — C is a groupoid

Proof. For char(k) = 0, O

e Algebraic stacks.
e DM stacks.

e Artin stacks.

12
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Examples:
We always use C := sch(C).

1. The moduli stack of genus g with n-pointed curve M, , is a separated smooth proper DM
stack:

2. The moduli stack Bund, _4(C) of vector bundles of rank r and degree d over a smooth projective
curve C over k is a stack.

3. Hilbert scheme is a fine moduli space. consider

13
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0.1.4 Introductory talk 2: Hilbert schemes of points on surface
X :=smooth surface. define
x".= {Z c X : 0 - dim, length(Oz) = n}

Theorem 0.1.10. X! is g smooth of dim = 2n. In particular, if X is irreducible projective, then
so is X111,

Proof. O

one can also switch viewpoint and treat X"l as moduli space of certain sheaves on X. eg,

K3M = My (v), v = (1,0,n)

Cohomology of X!"l: Representation theory and geometry !

We can view X" is a resolution of quotient singularities via Hilbert-chow morphism
xlnl _, x()

in particular, n = 2, X[?l = BI,(X®).
Theorem 0.1.11. (L.Gotte )

1. The Pincare polynomial for X" is given by

ZPZ(X["])L‘" = 1_[ (0.4)
n=0 m

2. The motive of X"

Proof. O

14
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Curve case: Macdonald’s formula and its generation by Maulik and Yun
Theorem 0.1.12. C is a projective integral curve over k of arithmetic genus g with planar singu-
larities only.

Proof. skecth: O

15
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Remarks:

1. For X = K3, the formula implies

Define incidence Hilbert scheme X" := {(£,5) € XI™ x XI"l . ¢ c p}, it’s a correspondence
between X!l and X" naturally there is

xlm.nl P2 xIn]

y

x[ml
Given a homology class a € Hi(X), define

I
xtmnl o g gy e xtm s xlnl s g oo, supp(I—g) = point € a }
m

then X([Zm’"] c XMl x X1 is an irreducible closed subscheme of dirnX,[xm’n] =2m+ (n— m)k.
In particular, if @ is a curve in S, then XL’”’”] c XI™ x xlnl is a Langarigian submanifold.

Fork space
F= o H'(X",Q)
n=0

H.Nakajima defined creation and annihilation operation on F for each a € H.(X):
i>0, aj(a):F—>F by 60— (p2).(p;0 mX‘[an,m+i])

for each 6 € H*(X™).
Theorem 0.1.13. (Nakajima, Grojnouski)

Form,n € Z — {0} and (=1)%¢9(@)d¢9(f) = 1  then

l[am(a). an(B)] = (=1)""m < &, p > 6pm.nid (0.5)
where
Proof. O
Theorem 0.1.14.
Proof. O

16
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0.1.5 Introductory talk 3: Algebraic cycles

Theorem 0.1.15.

Proof.
Theorem 0.1.16.

Proof.

17

17
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0.1.6 Introductory talk 4: VHS
Theorem 0.1.17.

Proof.
Theorem 0.1.18.

Proof.

18

18
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0.1.7 Talk 1: Perservese sheaf, Hilbert scheme and P = W conjecture

Talk given by Junliang Shen 1. Motivation: P = W conjecture

Assume C smooth projective curve over C and G = GL(n). Fixed rank=r and degree d st:
(r,d)=1.

MH .= {(E, 0)) : s.s Higgis bundle}
MC := Hom(m,(C),G)/ /G

The character variety is an affine variety of dim = g. The remarkable theorems of nonabelian
Hodge theory shows
Theorem 0.1.19. (S.Donaldson, Yau-Ulenbeck, C.Simpons,..)
There is real analytic isomorphism
M? = M€

Naturally, it implies
H'(M",Q) = H'(MS, Q) 0.6)

But How about the Hodge structure ?
The so-called P = W conjecture of MAA De Cataldo, T.Hausel, L.Migliorini (see ??) predicts

P=wW (0.7)

In the same paper, then should the case rank = 2.

2. Perseverse filtration

19
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0.1.8 Talk 2: Application of Mixed spin fields

Physics side: BCOV’s holomorphic anomaly equation 93 (see ??), Yamachi-Yau’s polynomial
structure 04 (see ?7?),

Mathematical side:
« Givatal, LLY, 96, g = 0.
« A Zinger, Li, Vakil, 05, g = 1.

Qunitic CY and construction of its mirror:

Xy ={z; + .2, + Yz1 - ... - z5 = 0}

The 1 dimesional family mirrors §¢ of Q = {2z} + ..z0 = 0} is resolution of Xy /G.

Put
I + hl; + KL, + B°I; = ™ (0.8)

consider C° x C with coordinate (xi, .., x5, p) and C* action of weight (1,1, 1, 1, 1, —5). Then two
GIT quotients can be identified as

(C* -0 xC)/C* = Kps

(C°*xC)~0/C" =[C°/Zs]

20
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0.1.9 Talk 3: Cosection localization and quantum singularity theory

In 1993, EWitten (see 0.50) propose to count

#{Spin curves + sections + Witten's equation}

LG/CY correspondence :
GW(Q) & FJRW(C®/us -5 ©)

History:
« FJR (2013): math theory for Witten’s idea via analytical methods (cohFT) (see 0.50).

« Po - (2016) algebraic methods via matrix factorization and Hoshild homology (see 0.50).

+ Chang-Li-Kiem (2015) algebraic methods via cosection localization (see 0.50) which works
for narrow sectors only.

Recently, the work of JunLi and Kiem (see 0.50) extends theory so that it works for all sectors !

21
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Borel-More homology For a topological space X, which can be embedded into a m-dimensional
smooth manifold M as a closed subset, then one defines

HPM(X) := H™ (M, M - X) (0.9)

where the relative cohomology is the usual singular cohomology.
Fact: the definition is independent of the choice of embedding.
Borel-More homology has the following basic properties:

1. Proper pushforward

2. Flat pullback

3.

4. If X is compact and locally contractible, then
HPM(X) = Hi(X)

by Alexander-Lefschetz.
Theorem 0.1.20. (Kiem-Li, see ??)
M DM stack with obstruction theory. IfU C M open st: ¢ : obs|y - Oy, ie, 0 € H%(obs"|y) is a
cosection. Then 3 virtual cycle [M];’O’Cr € A.(M(0)) st:

LM = [M]P7 € AM)

where 1 : M(o) := M —U — M open inclusion.

Proof. E — M vector bundle with cosection ¢ : E|y — Oy. E(0) := E|y U ker(o)

E(o) ———E

|

M(o) — M

The localised virtual cycle [M]?¥" := 0'C, is given by localised Gysin map where €, := is the

loc '~
intrinc normal cone m|

22
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0.1.10 Talk 4: Debarre-Voisin variety

V := 10 dimensional C vector space. 0 # o € A*V, define
Ko :={U € Gr(6,V): a|psy =0}
Theorem 0.1.21. (Debarre-Voisin, see 0.50)
« For generico € \*V, K, is a HK of type K321,

¢ qB(Ps) = 22 for the Plucker polarization P, for K.

Proof.

consider GIT moduli space

3
mMpy = P /\ V//PGL(V) > m%,

where m?

7y is the moduli space of smooth DV varieties.

23

(0.10)

Let A = Eg(—1)? @ U® @ A; be the lattice of K314 and v € A with v? = 22. A, := v*. the period

domain

DT, D:={z€PAc: (2,2) =0, (z,z) >0 }"

where I is monodromy group. Markanman have computed the monodromy group for K3[":

The period map
ppv : mpy — (D/T)PP

Question: what’s the image ppy ? and boundary ?

0.1.11 Talk 5: Bott vanishing

Theorem 0.1.22. (R.Bott see 0.50) L € Pic(PZ) ample X := P", then

H'(X, Q) ®L)=0,Vij>0

Proof.

23

(0.11)
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In general, we call X has Bott vanishing (BV) if 0.50 holds.
Remarks:
1. j = dimX, it is Kodaria vanishing.

2. More generally, E — X is positive holomorphic bundle on a n-dimensional compact
complex manifold, then Akizuki-Kodaira-Nakano vanishing theorem states

H(X, Q) ®E)=0,Vi+j>n+1 (0.12)
3. X is any fano
4. X= n dimensional smooth fano projective st: 3 perfect pairs
QY x QYT — O = oy
then TX = Q%' ® wy, thus
H'(X,TX)=H'(X,Q% ' ®wy) =0

by BV. This implies X is rigid, ie, no deformation of complex structures !
Corollary 0.1.23.

BV holds only for finitely many smooth projective n dimensional fano varieties for all n.

Proof. The discussion in remarks shows it has only 0-dimensional moduli. O

Theorem 0.1.24. (V.LDanilov ) all smooth toric projective varieties satisfy BV over any field k.
Proof. sketch O

eg: X = P(Op1 @ Op1(a)) Hirebruch surface. It is toric only for a and BV holds.

24
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Bott vanishing for K3:
Let X be a K3 surface and L ample. Then BV is equivalent to
H' QY ®L)=0
Lemma 0.1.25. x(Q} ® L) = h°(Q}, ® L) - h'(Q} ® L) = L* - 20
Proof. 1t is a consequence of vanishing and HRR.

Note that
Cl(Q;( ® L) = Cl(Q;() + ch(L)

c2(Q ® L) = c2(QY) + c1(Q)er(L) + ¢1(L)?

O
Remark: BV fails for L? < 20.
Lemma 0.1.26. (Burt.Totaro)
BV is a zariski open property.
Proof. O

Examples:

1. X = {f = 0} € |Ops(4)| smooth quartic K3, then Pic(X) = ZH, H = Ox(1), H* = 4iijN
L := aH for a > 3 so that L? = 44 > 20. For any HK, a global nonzero holomorphic 2-form o
will induce TX = Q} so

H'(X, Q'(a)) = HY(X, TX(a))

The Kodiara-Nadel vanishing implies

H*(X,QYa)) = H*(X, TX(a)) = 0
The standard sequence
0 TX — TP?|x —» Nx = Ox(4) - 0 (0.13)

It gives long exact sequence of cohomology

0 — H(TX(a)) — H(TP*(a)|x) & H'(Ox(4 + a)) —

) s . (0.14)
H(TX(a)) » H (TP (a)lx) » H (Ox(4+a)) =0

25
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Note that if p is surjective, then
h'(TX(a)) = h(TX(a)) = x(TX())
= h’(TP*(a)|x) — h°(Ox(4 + a)) — 4a* + 20 = 0
combining the Euler sequence

0 — Ox — ?OX(U — TP3|x — 0 (0.15)

one can identify

HY(TP*(a)|x) = {7 = (vo,v1,v2,03) : v; € H'(Ops(a + 1))}

(0.16)
=(f)&vy=v; =vy =13

and
H(Nx(a)) = {w € H*(Ops(a +4))} = (f) (0.17)

the restriction mapy to the normal direction is given by

Observe that there is a decomposition (actually it comes from exact sequence 0.50 )
C[xo, .., X3]asa = f - C[xo, .., x3]s ® H(N(a))

so we can identify

: v; € HH(N(a + 1))}

0
) = (Y v

If f = xé + ...x;l, ie, X is Fermat K3, then 66_9{1 = 3x?, for a = 3, then
xixixixs € HY(N(3)) = H(O(7), xixixixs ¢ Im(p)

So Bott-vanishing fails for Fermat K3 w.r.t L = O(3).

2. X € |Opiyp2(2, 3)|, then Pic(X) = ZH; & ZH, and

H? =, H\.H, =, H; =

By Kleiman criterion, The ample cone of X

Amp(X) = {L =aH;, + bHZ Z}

26
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consider the bott vanishing locus in moduli space of g-p K3
K}V :={(S,1) e Ky: H(TX®L) =0}

or
KV = {(S,.L) e K, : H(TX ® L") = 0}
The following basic questions will be interesting

» when K, gV and Kf V-" js nonempty ? Is there numerical criterion and geometric explana-
tion ?

« If these locus nonempty, the [Kfv] € H*(K,) tautological ?
3. Fora (X,L) € K, with L very ample, ¢ : X — PY, one has

0— HYTX®L) — HY(TPY|x ® L) = H'(N® L) —

0.18
H(TX®L) - H'(TPY|x ® L) » H'(Ox(N® L) = 0 019

4. X is a Calabi-Yau n-fold

27
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Key observation:

Consider two groups of moduli stack ¥4, K and Py, M, defined
F9(B) = {(V,8) = B: K, =29-2, S€|-Ky,l|}

Pg(B) ={(S,C) - B: le =29 — 2}

with natural forgetful maps

Sg:Fg = Ky pg:Kyg— My

More generally, one can pose some requirements of Picard lattice of parameterizing objects and
consider 7"5,7(5
Theorem 0.1.27. (Mukai, Beaville)

1. 4 is a smooth

2.

Proof. Deformation theory discussion.

Fact: For smooth pair Y C X, its deformation is controlled by the sheaf TX(Y) of holomorphic
vector fields on X tangent to Y:

obs = HX(TX(Y)), T; = H(TX(Y))

and the restriction map
0> TX® Iy » TX(Y) > TY

induces maps of 1st order deformations of two moduli problems.

For a general (V,5) € 7,
obs = H*(V,TV(S)) = 0

For a general (S,C) € P,,
0> TS® — TS(C) — Tc (0.19)

where TS(C) is sheaf of holomorphic vector fields on S tangent to C. one see
obs = H*(S,TS® O(C)) = 0, tan = H'(S,TS ® O(C))

So the 1st deformation for #; is unobstructed and it is a smooth stack. The tangent map induced
by py at (S, C) is identified with natural cohomology maps

dpg : Tis.c)Pyg = H'(C, TS|c) = Te My = H'(C,N¢;s) = H'(C, Q)

28
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induced by exact sequence 0.19. thus, its kernel

ker dpy =

29

29
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0.1.12 Talk 6: cubic 4-folds and noncommutative K3

C := moduli space of smooth cubic 4-fold.

Kuznetsov component of X € C is defined as
Ku(X) :=< Ox, 0x(1),0x(2) >*
= {E € D*(X) : Ext/(Ox(i),E) = 0,i = 0, 1,2}
Theorem 0.1.28. stab(Ku(X)) # ¢. More precisely, 3 connected component
stab(Ku(X)°) 5 P (Ku(X))

Proof. O

Theorem 0.1.29. 0 # v € Hyg primitive and o € stab®. Then M (v) # ¢ iff < v,v >> —2. For
generic o, M (v) is a smooth IHS of dim =< v,v > +2 and 3 I, € N (M, (v)) ample.

Proof. O

Examples

1. v? = =2 iff M, (v) is points

30
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0.1.13 Talk 7: compactification of moduli spaces
Theorem 0.1.30. There is a compact moduli space for KSBA stable Varieties.

Proof. O
Lemma 0.1.31. Log K3 with

Proof. O

31
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0.1.14 Talk 8: Mathematical Moonshine and curve counting

1.
Theorem 0.1.32.

Proof.
Theorem 0.1.33.

Proof.

32
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0.1.15 Talk 9: Higgs bundle and hyperbolicities
Theorem 0.1.34.

Proof.

33

33
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0.1.16 Talk 10: fundamental groups of degenerate varieties

1. Motivation
Let f : (X,X) — (Y,Y) be a morphism of log scheme /C.
Theorem 0.1.35.

Proof. O

2. Log geometry
Definition 0.1.36. X € sch(k) and a homomorphism of sheaves of monoids « : M — Ox is
called log structure if

a: a ' (Oy) — Ok
where monoidal structure for Ox is given by multiplication.

eg:

X smooth variety /k and D c X normal crossing divisor. M :=

Theorem 0.1.37.

Proof. O

34
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0.2 Topic 2 : Construction and compactification of Moduli space

0.2.1 Prof.E.J.N. Looijenga’s Distinguished lectures
Compactification of certain locally symmetric varieties related to Algebraic Geometry
V := R-vector space of dimV = 2 + n with a bilinear form
<,>VxV->R

of signature (2, n).

o) :={}
Grt(2,V) ={a € Gr(2,V): a > 0}

Baily-Borel compactification of LSS
Baily-Borel compactification of arrangements of LSS

Toric compactification LSS
Basic Example 1: H = SL,(R)/SO,(R)
stepl:

H j(r)= c

P(T):eZn'ﬁ‘rJ /

]D*
step2: H, :={z e H: im(z) > c}, [} :=< T >< SLy(2).

Fact: For ¢ > 0, z1, z, € H, are [y-equivalent iff 21, z, € H is SLy(Z)-equivalent.

/C

D! :=p(H,) = {z € C:0 < |z] < e7?"¢}

This shows

Then one glue D, and C along D7 to obtain

P! = C Upx D,
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Basic Example 2: Siegal upper half planes H,

36
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0.2.2 Prof.Radu Laza’s Distinguished lectures

Birational geometry of the moduli of K3 surfaces, and applications
Eg: E:=C/A;, A :=Z+71Z, T€H

Classical theory shows E < P? holomorphically embedded by Weistrass function

2 [L0(2),0'(2)], (0'(2))* =

where o(z) ;= Y, —%;. ie, each elliptic curve can be realised as a cubic plane curve.

—2)2°
Aen—(oy FH
Theorem 0.2.1. There is isomorphism between two compactification

(E)"?/SLy(Z = |0p=(3)|/ SL(3)
with boundary correspondence oo & strictly semistable cubics. Here strictly semistable cubics
consist of
e 3linesxyz =0
e line with conic

e Nodal cubic.
Proof. O

In general, there are 3 ways to construct moduli space in AG:
. GIT

It Needs to fix an embedding but unfortunately it has no canonical choice of the embedding
and usually the asymtopic GIT fails.

« Hodge theory

It is excellent when it works and translate problems into lattice. But it depends heavily
on Torelli theorem.

« Moduli approach: KSBA

It depends on the techniques from Birational geometry but hard to explicitly describe.
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0.2.3 Prof.Nagaiming Mok’s Distinguished lectures

uniformations of locally symmetric space
Differential geometry of locally symmetric spaces:
Q c C" bounded domain with I' C Aut(Q) discrete subgroup.
X := QT

some rigidity properties of locally symmetric spaces

Bergman metric

HQ) = {p € C(Q):]l ¢ ll:= /Qdu(IWPI2 + |g]?) < oo}
choosing an orthornormal basis { f,,(z)}, one define the Bergman kernel as

Ko(z,w) = > ful(2)fu(w) (0.20)

Examples:

1. Q:=B":= {z=(zy,..,2z,) € C" : |z|?> < 1} unit ball, then
2. Q := B" := A" polydisc, then

Background source from AG:

1. Moduli space of PPAV /C.

By Torelli theorem of g-dimensional (A, ©), the coarse moduli space A, can be realised as the
quotient of Siegel upper half plane

Ay = Hy/Sp(g), Hy = {M : Im(M) > 0}

Q: For me, I am wondering the differential geometry will be helpful for us to understand the
cohomology of locally symmetric space ?
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0.3 Topic 3 : Enumerative geometry based on Moduli space

0.3.1 Prof.Yukinobu Toda’s Distinguished lectures

Birational geometry for d-critical loci and wall-crossing in Calabi-Yau 3-folds
1. Motivation
X € sm.proj.Var(C)and v € T := Im(ch : K(X) — H*(X, Q)) primitive.
For o € Stab(X), M,(v) := moduli space of o-s.s. objects E in D?(X) with ch(E) = v.
Wall-Crossing:
Basic Questions:
1. How M, (v) changes when o crosses the wall in Stab(X) ?

2. How D?(M,(v)) changes when ¢ crosses the wall in Stab(X) ?

X is K3, then
« M, (v) has symplectic structure.
e My+(v) --> Ms-(v) is symplectic flop (B-M).
« DP(My+(v)) = D?(M,-(0)).

X CY 3-fold
« M, (v) has (—1)-shifted symplectic structure.

m:= moduli stack of E € D?(X) with Ext!(E, E) = 0.
4 (v):= moduli stack of o s.s objects E € D?(X) with Ext!(E, E) = 0.

2. D-critical locus

Joyce’s work shows for M is C-scheme, 3 sheaf of C-vector space S st: for VU c M open and
U c V closed for a smooth scheme V, there is an exact sequence

dpr

0> S|y = Oy/I* — Q,/TQy (0.21)
ie, S|y = ker(Oy/I? 225 Q1 /TQ}).

eg:
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d
A typical example is the local model: f : V — Cand U := crit(f) = {df =0}, I = Im(TV —f>

Oy).
Definition 0.3.1. A d-critical locus is a pair (M,s) ands € S st: YV x € M,3x € U C M and
a closed embedding into smooth V with

U={df =0} —V
f
C

and sy = j?

The most interesting example (at least for emumerative geometer) of such structure are the
moduli of stable objects over CY 3-fold:

Theorem 0.3.2. (D.Joyce)

X := CY-3 fold, then the moduli stack M (v) admits a canonical d-critical locus structure.

Proof. O

Orientation for d-critical locus

in 0.50, D.Joyce shows
Theorem 0.3.3. (D.Joyce)
(M, 5):= d-critical locus over k and M™%, Then there is a natural line bundle Ky s over M™% st:

Ku,slyrea = K| yrea
forlocally U = crit(f : V. — C).
Proof. O
So a square root can be defined and it is called a Orientation for (M, s).

Definition 0.3.4. (Y.Toda)
Two critical locus Mt M~ (schemes or algebraic space) with diagram

M M~
A

is called d-critical flop atp € Aif3x € U C A open and flop diagram st:

(0.22)

(7)1 (U) —— {dw* = 0}

| |

U———— 7
closed embdedding
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Examples 1.

2. C:= a smooth projective curve of genus g and n > 0,

S™9-1(C) S~m9-1(C)
Pic"t971(C)
with 77(D) = O(D), n~(D’) = wc(D’).
then
« h}(L) > 2, d-critical flop.
« h!(L) = 1, d-critical divisor contraction.

« h}(L) = 0, d-critical Mori fibered space.

ey (1) := [Ext'(E, E)/ Aut(E)]
[ 1T Hom(V;, V;)/T1 GL(V;)]

irvj

Wall-Crossing for 1-dim stable sheaves:

Coh<1(X) := {E € Coh(X) : dimsupp(E) <1}

I = Hy(X,2)®Z

AX)c := {B+V—1w € HXX,C) : w ample} space of complexied

consider
ZB’Q) : Tsl 4 C

(B.n) —» —n + (B + V-10).p
Fact: 0, = (2,0, Coh<1(X)) € Stab<1(X) := D?(Coh< (X))

Mx(f):= moduli of pure 1-dim stable E € coh(X) with y(E) = 1 and [E] = f.

Theorem 0.3.5. The wall-crossing diagram

Mg+(v) Ms-(v)

41
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is a d-critical flop.

Proof.

Wall-crossing for stable pairs moduli space
Lemma 0.3.6.

Proof.

D/K conjecture

42
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0.3.2 Talk 1: Analytical methods in complex algebraic geometry

Differential geometry of Holomorphic bundles:

X := kahler manifold of dim = n with E — X holomorphic rank = r vector bundle. Let
h:EXE—C

be hermitian metric on E, ie, h is a fiberwise an hermitian inner product over each fiber E,, = C".
choose a good cover{U, } for X (always exists for compact smooth manifold).

Singular Hermitian metric: For line bundle L — X,
Definition 0.3.7. L — X is called

1. ample if

2. nefif

3. bigif

4. Psudo-effective if
Relations to algebraic setting

Analytical proof of Nadel vanishing
Theorem 0.3.8. Bochner formula

[V=10,A] = Ag, - A,

Proof. O

Lemma 0.3.9. (L.Holmander)

(E,h) — X is a holomorphic vector bundle over a compact kahler manifold (X, w). Assume
A := [V=10,A] is positive on QP9(E),q > 1, then for any g € L*(X, QP 9(E)) with 559 =
0, /X(A_lg, g) < o, there is a f € QP-97Y(E)) st:

9ef =g, Il f IP< /X (A7 14,9)

Proof. O
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0.3.3 Talk 2:

44
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0.4 Topic 4: Complex Geometry and Birational geometry

0.4.1 Prof.Mihnea Popa ’s Distinguished lectures

Hodge ideals and applications
Goal of the lecture:

X € sm.Var(C) and D C X reduced hypersurface. To associate a sequence of ideal sheaves
{Ix(D)} ez which have to do with

« singularities of (X, D)
« Hodge theory of X — D.
« Local/global properties and applications.

set Dx := sheaves of differential operators

9 9o
99190 =

0% = 0..0 —
o ox! dx™

for local coordinate (x, ..., x,).

Dx has natural filtration F*Dx by the order of the differential operators, ie,
FlDx :={0%: |a| <1}

Definition 0.4.1. A Dx-module M on X is a quai-coherent sheaf on X which is a module over
Dx

Remark: equivalently, there is integrable connection on M
VMo M Qx
st: V2 = 0.
such a connection will also give representation for 71(X) — End(M) via monodrmy
Examples;
1. Ox(*D) := %Ox(kD)
2. E — X a holomorphic vector bundle.

Definition 0.4.2. one define the filtration od ideal sheaves I,(D) by

R'£.C* = wx((k +1)D) ® Dx (0.26)
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one can show that
a independent of choice of log resolutions.

b contains Saito’s Hodge filtration.
Theorem 0.4.3.

Proof. O

Examples;
1.X surface

2.x € D ordinary singular point with mul,(D) = m, ie, projective tangent cone at x is smooth ,
a typical example is cone vertex of deg = m hypersurface in P"*~!. then
* I(D) = mZ*™"

. Ik(D)=Oxifka%—1

Basic Questions

1. when I (D) = Ox ?

2. Given x € D, when I;(D), ¢ m{ for some ¢ > 0 ?
Facts and some an

« I)(D) = O(x) iff (X, D) is lc.

« Take a log resolution for (X, D)
f:Y—=X

with E = (f*D);eq, then
Iy(D) = f(Oy(Ky)x + E—= D)) (0.27)
Definition 0.4.4. (X, D) is k-lc if I (D) = Oy, ie,
I)(D) = (D) = ... = (D) = Ox
Theorem 0.4.5. (M.Saito, see 0.50)
(X, D) is k-lc iff

Olf—IZk

Proof. O
Theorem 0.4.6.
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Proof. O

(M, F) is filtered Dx-module, DeRham complex
DRM) = M5 Mo, 5> Mk — .}

FtDROM) = {FM 5 FeyM ® QL 5 FroaM ® Q% — ..}
gr,fM = FkM/F M

Theorem 0.4.7. Saito vanishing
X Projective and (M, F) is filtered Dx -module, L is ample line bundle, then

H'(X,gre M®L)=0, ¥i>0 (0.28)
Proof. O

Examples;

1. Ox with trivial filtration
Ox ifk>0,

F.Ox =
KX {0 ifk <0,

then v v
DR(Ox) = {Ox — Q) — Q% — ...}

gr* . DR(Ox) = Q% [n - k]

In the case, Saito vanishing < Kodaira-Nakano vanishing :
HP(X, Q1 ®L)=0,p+q>n (0.29)

for L ample.
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0.4.2 Prof.Mircea Mustata’s Distinguished lectures

Hodge ideals and singularities

43
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0.4.3 Prof.Junyan Cao’s Distinguished lectures

Singular hermitian metrics and some applications in complex geometry
1. Introduction: Iitaka conjecture

X smooth projective variety /C. The Kodiara dimension of X is defined to be
KX) =
K(X) is a basic birational invariant of X. More generally, for a pesudo-effective divisor D €

Ef f(X), one defines its Kodiara-litaka dimension

Iitaka Conjecture C,, , f : X™ — Y" fibration (here, surjective and connected fiber) of two
smooth projective varieties and F is general fiber, then

R(X) > K(Y) + K(F)

The known result so far:
« Kawamata, Kollar
« Y ia Abelian variety by Paun-Cao.
« dimY < 2 by Cao.

Basic tool: Positivity of fi(wx/y)

2. SHM on holomorphic bundles
H, .= {A=(aij)rxr : aij € C,A= A", A > 0} space of Hermitian matrix.

ES X complex vector bundle with good cover X = U U, and with trivialization {¢/, }
(24

Uy xC" —Y5 By = 271U,

U

Ua

A Singular Hermitian metric on E is a function h : X — H, st: 0 < det(h) < co a.e. on X

In particular, when h is C*, this is the usual smooth metric. when h is holomorphic, then
there is unique Chern connection on E (just as Levi-Civita connection is unique in Riemannian
geometry w.r.t a given Riemannian metric)
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Fact: The curvature current of 4 on E is given by
V=10, = V=T 8(h'0h) € (Q"}(B)" = (L(End(E) ® Q'))’

Definition 0.4.8. (Griffith) (E, h) is called Griffith semi-positive (GSP) if forV x € X, v €
TLOX, e € E,,
(V=104(v,D)e, €),)n > 0

where (, ), is the hermitian metric induced by h.
Remark:
1.

Definition 0.4.9. (Viewheg) ¢ € Coh(X) is called weak positive (WP) w.r.t A € Amp(X) if for
VmeN, Tk :=k(m,X) e N st:

HO(X, (Sym™ ()" ® A¥) > ((Sym™ ()" ® A"),

for generic x € X.
Theorem 0.4.10. (Viewheg)
f: X =Y fibration of two smooth projective varieties, then f.((wx/y)™) is WP

Proof. O
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0.4.4 Prof.Dabaree’s Distinguished lectures

Hyperkahler varieties

51
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0.4.5 Prof.Junk Huang’s Distinguished lectures

Minimal
1. Motivation: Deformation of Grassmanian
Gr(p,q) := {L c CP*9: dimL = p}.

By R.Bott, H(Gr(p, q), TGr(p, q)) = 0, then Gr(p, q) is locally rigid, ie, for any smooth family
X — Bwith X}, = Gr(p, q) for some b € B, then X; = Gr(p, q) for general t € B.
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0.4.6 Talk 1: Introduction to multiple ideal sheaves

53

X € sm.Var(C), D > 0 Q-divisor and a C Oy, ¢ € Q. multiple ideal sheaves J(D), J(a®)
measure the "singularity" of D or a. The pholo is D; more singular than Dy, then J(D;) C J(D;)

Analytical construction

Assume local equation for D; is f; and D = }} a;Dj, then

|h[?

J(D) := {h € Ox : A

|h?

J(a®) := {h € Ox : ARG

Algebraic construction

Take log resolution y : Y — X of pairs (X, D) or (X, a), ie,
« Y is a smooth variety.
« p is proper birational morphism.

o Ex(u)+ p*D is snc or Ex(u) + F is snc for

aOy = Oy(-F)

1
€L,V fir-

1
€ Llocal}

., fr generator of a}

(0.30)

(0.31)

By Hioranaka’s resolution of singularities, the log resolution always exists. Then one defines

J(D) := u.Oy(Kx/y — D))

J(@) :== .0y (Kx )y — [cF])

Proposition 0.4.11. 1. The definitions are independent of choice of log resolutions.

2. J(D) (J(a®)) c Ox is idea sheaf whose

Proof. 1. Key fact: any 2 log resolution can be dominanted by another one, ie,

Y; — Y,

|

Y —X

53
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Invariants from multiple ideal sheaves
Definition 0.4.12. pairs (X, D) is kit if J(D) = Ox

leif J(1 —€)D) =Ox for0 <e < 1.

Note that J(cD) is trivial for ¢ < 1 and nontrivial for ¢ > 1. Then one can define log canonical
throshed via multiple ideal sheaves

leto(D) := inf{c: J(cD), C my}

Examples
1.a =< xil, ...,x,l{l >C C[xy, ...x,], then at origin 0 € C"
leto(a) = ) !
ola) = ]
2.
Theorem 0.4.13. M.Mastata 2002
dim Arc,,(a
let(a) = dim X — sup —m(
m+1
Proof. O

Vanishing results
Theorem 0.4.14. Nadeal vanishing
Assume D > 0 Q-divisor, then

1. R'p,Oy(Kx)y — Lp*D]) for anyi > 0 and log resolution yi : Y — X,
2. If X is projective and L — D nef and big, then

H'(X,0x(Kx +L)® J(D)) =0, i>0
Proof. O

Subadditivity
Theorem 0.4.15.

J(Dy + D3) < J(Dy) - J(Ds)

J(X,a¢ - %) < J(X,a¢) - J(X,b9) (0.34)

Proof. O

Asymtopic construction
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Proposition 0.4.16.

Proof. O

Mumford regularity theorem
Definition 0.4.17. Let B — X be a ample and BPF line bundle and ¥ € Coh(X) is called
m—reularity wr.t to B if

H'(X,0(m-i)B)®F)=0,Vi>0

Proposition 0.4.18. (D.Mumford)

Proof. O

J.Kollar’s theorem on singularities of PPAV (A, ©)

Theorem 0.4.19. (J.Kollar)

Let (A, ©) be a PPAV, then (A, ©) is lc.

Proof. Sketch: proof by contradication via multiple ideal sheaves.

de €(0,1)st:J((1 —€)®) C O4. Then set Z := zeros(J((1 — €)®)) C © O

Age and Siu’s theorem

Theorem 0.4.20. (J.Kollar)

L — X ample line bundle over smooth projective bundle and for any irreducible subvariety Z C X,
LdimZ.Z

Proof. O

Siu’s theorem on invariance of plurigenra

Masuta ’s big thorem
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0.4.7 Talk2: Introduction to Bridgeland stability condition

D := triangled category.
Definition 0.4.21. A t-structure for D is a pair (D>, D<) stiijZ

The heart A of the t-structure (D>>1, D<) is defined

A=D>nD

The basic also motivated example to keep in mind is
D := DY(X), X € sm.proj.var(C)

D= {E* € D*(X): HI(E*) =0, Vi > 1}
D<= {E* € DY(X): H'(E*) =0, Vi < 0}
In this case, the heart is just Coh(X) = D=1 n D<°
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0.4.8 Talk3: The image of period map of IHS 4-fold of K3[?! type
Theorem 0.4.22.

Proof.

57
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0.4.9 Talk 4: Dual complex of Fano variety and

1. Vanishing theorem in char > 0.

Theorem 0.4.23.

Proof. O
Definition 0.4.24.

2. Dual complex

Definition 0.4.25.

Theorem 0.4.26. (de Fernex-Kollar-Xu)

(X, A) islcand (Y, Ay) — (X, A) is dit blowup, then the dual complex D(A;l) is independent of
the choice of dlt blowup up to homeomorphism.

Proof. O

58



(version November 12, 2020)

0.4.10 Talk 5: Sehardri constant

Definition 0.4.27.
Theorem 0.4.28.

Proof.

59
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0.4.11 Talk 6: construction of Non-kahler CY 3-fold

Problem: How many topological types of CY 3-folds ?

eg: M.Freedman construct
Theorem 0.4.29. Va € Z.(, 3 X, Non-kahler CY 3-fold with

bz(Xa) =a+3

Proof. O

Deformation of SNC CY n-folds
Theorem 0.4.30. (Kawamata-N)
X := X; SNC CY n-fold st:

. Hn_I(X, Ox) =0, Hn_z(Xi,OXi) =0.

e X is d-semistable, ie,

I
(®£)v =Op
Then3 ¢ : X — A st:
1. X is smooth.
2. X is CY n-fold fort # 0.
Proof. O
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0.4.12 Talk : Nef —Kx and RC fibration

Definition 0.4.31.
Theorem 0.4.32. f : X — Y of normal projective varieties with f.Ox = Oy and Ky is Q-cartier.
Assume Y has canonical singularities and A = A" — A™ and D is Q-cartier st:

e —(Kx + A%) Ic over general point of Y.
e —(Kx + A+ f*D is nef.
Then —f*(Kx + D) + A~ is Pesudo-effective.

Proof. O
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0.4.13 Talk: Derived invariant from Albanese map

Motivating problems: For X,Y € sm.proj.Var(C) and D(X) = D(Y), then h?9(X) = h”9(Y)
?

Known Results
. h%9 by
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0.4.14 Talk : Monodromy and degeneration of K-trivial varieties

The motivation is coming from trying to understand the period map M — D/T.

Definition 0.4.33. Dual complex

Theorem 0.4.34. (Kulikov-)

Let X — A be a degeneration of K3 after semi-stable reduction and Kx,, = 0. then the central
fiber X, is classified

Type Xo ShapeX  nilponent index v

I smooth  point 1
I 002
I 002 sphere S* 3
Proof. O

Theorem 0.4.35. (7.Shah) TFAE
* Monodromy is finite.

e Xo has canonical singularities.
Proof. In dim = 2, canonical singularities & Du val (ADE, or simple ) singularities. O

Natural one will ask what will happen in high dimension ?

Degeneration of IHSs
Theorem 0.4.36. (Fujino, Hacon-Xu)

Proof. O
Theorem 0.4.37. (Kollar-Laza-Sacca-Voisin)
1. Finite Monodromy.
X — A minimal dlt projective degeneration of IHSs, ie, Kx = 0, (X,X;) dltV t € A. then TFAE
1. Finite monodromy on H®.
2. Xy canonical singular.
3. Xo has a component which is not uniruled.
2. Smooth Filling

X — A finite monodromy degeneration, then

Proof. O

63



(version November 12, 2020) 64

Definition 0.4.38. X, is Cohomologicall insignificant singular if for X — A, the special-

ization map

spr - HY(Xo) — HY
is isomorphism on I, 150 of MHS on Hlkim'
Definition 0.4.39.

Du Bois
Definition 0.4.40.
Theorem 0.4.41. (Steenberk, Kollar-Kovacs)

slc = Du Bois = Cohomologicall insignificant singular

Proof. O

Degeneration of CY 3-folds
Theorem 0.4.42.

Proof. O
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0.4.15 Talk: Positivity of CM line bundle

1. K-stability
In the talk, X is Fano & kit & —Kx ample.

For g € Z~, D is a g-basis type effective divisor if

_Xisi=0) “Ky
h(—gKx)
for H(x, —qKx) = span{si, ..., Spo(—qix)}-
Let(X,T) := sup{t : (X,tT)islc}
0¢(X) := inf{lct(D) : D € | - gKx| q — basis }
Theorem 0.4.43. (Fujino)

6(X) := limsup §4(X) = lim 64(X) (0.35)
g—o0
is well-defined.

Proof. O

2. CM line bundle
f : X — T aFano family, ie,
« flat with normal fiber.
« —Kx/r is Q-cartier and ample.

In 1990s, defined
A = il (=Kx;m)""9)
Theorem 0.4.44. (Knudson-Mumford)

Proof. O

3. Moduli conjecture (Y.Odaka,Tian, Donaldson)
Forn € Z-y v € Q-, one expects
1. 3 Moduli stack MnKif

2. Jalgebraic space M,Ilf 2> which is a good proper moduli space for .
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3. CM bundle A gives polarization for M

K
n

=SS

,U T
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0.4.16 Talk: Openness of uniform K-stabilities

Theorem 0.4.45. X smooth Fano manifold, then
1. [CDS, Tian, Berman],
X is K-polystable iff X admits KE.
2. |Berman — Bouksom — Jonsson],

X is uniform K-stable iff X admits KE and #Aut(X) < oo.

Proof. O

Theorem 0.4.46. (Blum-Liu, 2018)
X5 Tisa Q-Fano family, then

1. {teT: X, uniform K — stable} C T is zariski open

2. {teT: X; K —semistable} C T is a countable intersection of zariski open subsets.
Proof. O

Remark:

Examples:

1. all smooth quadrics Q" c P"*! are K-polystable.

2. dim X = 2, for smooth case, By Tian, the only obstruction to KE is Futaki invariant:
« K-polystable: P2, P! X P!, Bls ;P2
« K-stable: 1 < (-Kx)? < 5.
o K-unstable: Bl; ptPZ, Bl, ptSPZ

3. By K.Fujita 2016, smooth hypersurface X,,;; C P"*! is K-stable for N > 3

4. By Odaka,

By Liu-Xu, X3 C P* is K-stable (s.s) iff GIT stable (s.s).

Definition 0.4.47. D ~g —Kx is m-basis type divisor if
D= Z {si = 0}
— m- N,

where H*(X, -mKx) = span{si, ...,sn,, }
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Theorem 0.4.48. (Blum-Liu, 2018)
X5 Tisa Q-Fano family, then the function

teT - 6(X;)
is lower semi-continuous, ie,
Proof. O
By Blum-Jasson 2017,
let(X,D) = AX—(E)}

E drilv/x ordg(D)
where Ax(E) is log discrepency for f : Y — X and E C Y is a prime divisor. Thus,

. Ax(E)
5m(X) B lng dlzjlv/X ordE(D)}
Ax(E) X (0.36)

T Lli?v/x sup{ordg(D)}
D

Each E div/X induces a filtration on R,,, := H*(X, -mKx):
Fr = {s € Ry : ordg(s) > A}

then
Rp=Fp 2 FhFpm =0

where T, := % max{ordg(s): s € Ry,}.

define .
sm(E) := sgp{ordE(D)} =N Zjl dim 77,

Proposition 0.4.49.
li (E) ! /OOV I(—Kx — tE)dt
im $(E) = ———— ol(-Kx —
me Vol(=Kx) Jy *
Proof. O

idea of proof

let(X,b.(F))

sm(F) }

Om(X) := inf{
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0.4.17 Talk: Birational rigidity

Definition 0.4.50. f : Y — Z is called a Mori fiber space (MFS) if
1. Y is Q-factorial terminal singular.
2. =Ky is f-ample.
3. p(Y/Z)=1.

eg: A P” bundle.

X := Fano with p(X) = 1
Definition 0.4.51. X is called Birational superrigidity (BSR) if X /pt is MFS and for any

Q: Is there a nice moduli for BSR/BR Fanos ?
For a family of Fano varieties X 5T, 1s
BSR(X 5 T):={teT: X, BSR}

constructible ? open ?
Theorem 0.4.52. (Stibitz-zhang)
For two families of Fano varieties

X Y

NS

C

st X —Xo=2Y-Yyand Xy, Yy BSR, then X =Y

Counterexample for openness of BSR:
X = {yz = f(X(), "’xn+l)s ty = g(x(]a --,xn+l)} C P(1n+2’ m) X C

Fort #0,
z\’t=~{gz—t2f:O}CIE’)"J'1
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0.5 Topic 5: Geometric Langlands Program

0.5.1 Prof.Zhiwei Yun’s Distinguished lectures

An Introduction to the moduli of Shtukas
1. Definition of Shukas and examples
Story over number fields F/Q comes from R Langlands:
To establish the connection, People
X := smooth projective geometrically connected curve /k := F,.

F:= k(X)
Definition 0.5.1. S € sch(k), D C X X S relative divisor. A shtukas over S with legs in D consists
of pair (¢, p) satisfying

1. ¢ > X X S is a vector bundle.
2. p:elxxs—p — "€ := (id X Frs)*e|xxs-p

one can consider the category of Shtukas Sht(S, D):
Theorem 0.5.2. Assume D = ¢ and S connected. Then for any (e, p) € Sht(S, D), there is an
Etale covering f : 8" — S st:

0 (0.37)
Proof. O
Baby version of theorem:
Lemma 0.5.3.
Proof. O

there is a natural 1-1 correspondence

{P — C: G- bundle}

< [G(K) \ G(A)/G(0)]

Given a principle G-bundle P — C,
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0.6 Topic 6: Rationality Problems

0.6.1 Prof.Burt Totaro ’s Distinguished lectures

Algebraic cycles and birational geometry
X € Var(k) is called rational if .
eg:
L{x*+y?=1}C Ai is rational for k = C, R. The birational map is given by
Al — circle

2t 1-1¢2
1+1271+1¢2

= ( )

2. Nodal cubic curve,

3. For any irreducible quadric hypersurface X c P;*', X is rational iff X (k) # ¢

4. smooth cubic surfaces over k = k are rational.

The lectures will discuss the work of C.Voinsin,B.Hasset, : Chow groups of 0-cycles can be used
to show many varieties are not rational.
Lemma 0.6.1. Ay(X) is a birational invariant for X € sm.proj.Var(k).

Proof. For char(k) = 0, m|

Lemma 0.6.2. (moving lemma for 0- cycle)
X e sm.proj.Var(k) and ¢ # U C X, thenV 0-cycle a on X is rational equivalent to some one on
U.

Proof. Tt sufficience to show when a € X is closed points. Fcurve C € X st: CNU # ¢
and o € C. so for z € C — U, the line bundle Oc(a + mz) is of higher degree for m > 0. so
s € H(Oc(a + mz)) ]

Theorem 0.6.3. (Decomposition of diagonal )
X € sm.proj.Var(k). TFAE

1. Y E/k, Ay(X) — Ay(XE) is surjective.
2. VE/k,deg : Ao(Xg) — Z is isomorpphic.
3. 3 decomposition in chow Ayg(X X X) :

A=XXa+B (0.38)

where a € Ag(X) is a 0-cycle and B supported on S X X for some proper closed subset S C X.
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Proof. (1)= (3): Take E = k(X) and then Ay(X) — A¢(Xk(x)) is surjective

Xk(X) — X

|

spec(k(X)) — spec(k)

(3)= (2): using correspondence A acting on Ay(X), one has
Af=p=XXa+B).p=deg(f)a+0 (0.39)

for any 0-cycle f € Ay(X). so deg(f)a = B in Ay(X) where B.f = 0 is due to moving lemma of
0-cycle.
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0.6.2 Prof.Lawrence Ein’s Distinguished lectures: Measures of irrationality
of an algebraic variety

Definition 0.6.4. X € Var(C) withdim X = n,

Irr(X) := min{d : X --» P"}
Cov.gon(X) := min{d :} (0.40)
Conn.gon(X) := min{d :}

Remark:
« Irr(X) = 1iff X rational
e Irr(X) = min{d : [C(X) : C(t4, ...,tp)] =d }

« Cov.gon(X) =1
Theorem 0.6.5. For a general smooth hypersurface X C P"*! of degree = d >,

then
Irr(X)=d -1
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0.7 My reading talk on localization techniques in counting
theory

During the student’s learning seminar, I plan to report E.Geber and Rahul.Pandharipande paper
"localization of virtual class" and learn the technique of localization methods in curve counting.

0.7.1 History and Goal

+ Bott residue formula:
Let X be a n-dimensional smooth projective algebraic manifold and E — X holomorphic
vector field of rank r. v € H(X, TX) is a holomorphic vector field on X. P : C™" — C s
invariant polynomial function, ie, P(¢Ag™"') = P(A), Yg € GL(r), eg, det, Trace.

Vo« Pl
JRCFCR g e, 041)

where for a zero x of v, choose a local coordinate (U, zy, ..., z,), one can write v in the

coordinate as
0
u(z) = Z aijzia_
1<i,j<n Zj

and define
Ay = (aij)nxn

It’s easy to check that different choices of coordinate result in the conjugation of A,, so
RHS is well-defined.

Proof. idea of proof: O

eg: X :=P"andv =
» Atiyah-Bott-Duistermaat-Hecknan

Let G be a connected Lie group acting X a compact smooth manifold with fixed locus
X¢ = UX;, X; ¢ X© connected component. Then
1

/x ‘= ZJ /xi ezﬁ) (0.42)

where 1; : X; = X is natural inclusion and N; is normal bundle. It also has equivariant
version
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+ Localization in counting.

Let X be a smooth DM stack with C* ~ X and X® = UX;, 1 : X© < X then
L

) [Xi ]vir
X0 = L i
[x] (Z )
where N; is the virtual normal bundle.
Proof. idea of proof:
+ Topological vertex:
0.7.2 Main idea of proof
0.7.3 Computation Examples
1. Computation of multiple cover contributions.
universal stable map
Mg, n(Pr’ d)
Theorem 0.7.1. (Farber-Pandharipande)
Wy < Ly by >= / 11 e’ HY
[Mg,n(]?l,dﬂvir j=1

_Z 1 (n]
AT Sy e(NET)

Proof.
Theorem 0.7.2. (Morrison-Aspitoll, Farber-Pandharipande)

= ifg =0,

/  erop(Rm'N) = ifg =1,
Pl,d

My(P'.d) XMl _ oSy
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Proof.

2. Toric CY 3-fold.

T ~ X, the moment map

has image p7(X) as a polytope.

‘uT:Xv—>t>‘F
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0.7.4 Pandeharipande-Pixton’s work on GW /DT correspondence for CI CY
3-fold

This section is based on my reading notes on Pandeharipande-Pixton’s beautiful paper ?? and
the two talks given during the AG program.
1. General conjecture of MNOP on the correspondence:

The (free energy amptitude at g ) reduced GW potential for X

Fow(u,v) := Z Z Ng,/guzg_zvﬁ (0.46)
g=00+p
Zow(u,v) = exp(Fow (u,0)) = 1+ ) Zow(u)po” (0.47)
0B
where
Ny = deg(BL, I = [ aeg
[Mg(X, P17
The reduced DT potential is
Z Tn,ﬂqnv’g
R P — (0.48)
pr(q,V) = 3 Trog" .
p.n
where T,, 5 := f[[n(x,,b’)]vir 1eZ.

By the work of MNOP, Jun Li, K.Behrend, it is known degree 0 DT is

.
2 (1=(=9")

nx>1

M(_q))((X) = ( )X(X)

where M(q) := W is so-called Mcmahon function.

nx1

V-1u

The conjectural relation for GW /DT correspondence is after change of variable g — —e

Zpr(—eV™", ) = Zow (u,v) (0.49)

2. what are known before Pandeharipande-Pixton ?

« GW/DT correspondence holds for Toric CY 3-fold by MNOP via localization techniques,
topological vertex.

« DT theory for local curve (ie, total space of rank 2 bundles over a curve ) by Br - via .
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3. Main result of Pandeharipande-Pixton and main idea of the proof
Theorem 0.7.3. (Pandeharipande-Pixton 2017, see ??)
If X c P™ x ... x P" is a Fano or CY 3-fold of complete intersection, then

(=) Zp1(q Tay (1) - o+ 7o (1)) (0.50)

= (V=10)% Zow (U, 7o, (y1) - .- - e, (Y1)
where dg := fﬂ c¢1 under change of variable q — —eV-lu,

Proof. Sketch: The main idea is to use the typical computational techniques: Deformation and
Degeneration.

0.7.5 what can we do next ?

Some problem

78



(version November 12, 2020) 79

Shanghai Center for Mathematical Sciences, Jiangwan Campus, Fudan University, No.2005
Songhu Road, Shanghai, China

fsils@fudan.edu.cn

79



	Topic 1 : Cohomological perspective on Moduli space
	Prof.Rahul Pandharipande's Distinguished lectures
	Theory of Tautological integral
	Introductory talk 1: Algebraic stacks
	Introductory talk 2: Hilbert schemes of points on surface
	Introductory talk 3: Algebraic cycles
	Introductory talk 4: VHS
	Talk 1: Perservese sheaf, Hilbert scheme and P=W conjecture
	Talk 2: Application of Mixed spin fields
	Talk 3: Cosection localization and quantum singularity theory
	Talk 4: Debarre-Voisin variety
	Talk 5: Bott vanishing
	Talk 6: cubic 4-folds and noncommutative K3
	Talk 7: compactification of moduli spaces
	Talk 8: Mathematical Moonshine and curve counting
	Talk 9: Higgs bundle and hyperbolicities
	Talk 10: fundamental groups of degenerate varieties

	Topic 2 : Construction and compactification of Moduli space
	Prof.E.J.N. Looijenga's Distinguished lectures
	Prof.Radu Laza's Distinguished lectures
	Prof.Nagaiming Mok's Distinguished lectures

	Topic 3 : Enumerative geometry based on Moduli space
	Prof.Yukinobu Toda's Distinguished lectures
	Talk 1: Analytical methods in complex algebraic geometry
	Talk 2:

	Topic 4: Complex Geometry and Birational geometry
	Prof.Mihnea Popa 's Distinguished lectures
	Prof.Mircea Mustata's Distinguished lectures
	Prof.Junyan Cao's Distinguished lectures
	Prof.Dabaree's Distinguished lectures
	Prof.Junk Huang's Distinguished lectures
	Talk 1: Introduction to multiple ideal sheaves
	Talk2: Introduction to Bridgeland stability condition
	Talk3: The image of period map of IHS 4-fold of K3[2] type
	Talk 4: Dual complex of Fano variety and
	Talk 5: Sehardri constant
	Talk 6: construction of Non-kahler CY 3-fold
	Talk : Nef -KX and RC fibration
	Talk: Derived invariant from Albanese map
	Talk : Monodromy and degeneration of K-trivial varieties
	Talk: Positivity of CM line bundle
	Talk: Openness of uniform K-stabilities
	Talk: Birational rigidity

	Topic 5: Geometric Langlands Program
	Prof.Zhiwei Yun's Distinguished lectures

	Topic 6: Rationality Problems
	Prof.Burt Totaro 's Distinguished lectures
	Prof.Lawrence Ein's Distinguished lectures: Measures of irrationality of an algebraic variety

	My reading talk on localization techniques in counting theory
	History and Goal
	Main idea of proof
	Computation Examples
	Pandeharipande-Pixton's work on GW/DT correspondence for CI CY 3-fold
	what can we do next ?


